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An evolution between a system and its environment which leads to pure dephasing of the system
may either be a result of entanglement building up between the system and the environment or
not (the second option is only possible for initially mixed environmental states). We find a way
of distinguishing between an entangling and non-entangling evolutions for systems which are larger
than a single qubit. The generalization of the single qubit separability criterion to larger systems
is not sufficient to make this distinction (it constitutes a necessary condition of separability). A set
of additional conditions for the operators describing the evolution of the environment depending
on the state of the system is required. We find that the commutation of these environmental
operators with the initial state of the environment does not guarantee separability, products of the
operators need to commute among themselves for a pure dephasing evolution not to be accompanied
by system-environment entanglement generation. This is a qualitative difference with respect to
the single-qubit case, since it allows for a system to entangle with an initially completely mixed
environment.
PACS numbers:
I. INTRODUCTION
The detection of system-environment entanglement
(SEE) is an involved problem both theoretically and ex-
perimentally once the size of either the system or the en-
vironemnt exceeds a couple of qubits [1–5]. In general the
quantification of entanglement requires the knowledge of
the whole system-environment density matrix. For open
quantum systems with large environments, this is easier
to have in theory than in experiment, but is often also
challenging theoretically, since many of the standard ap-
proximate methods are inapplicable in this case [6–9],
since their aim is to provide the evolution of the system
of interest alone. Only then can the numerical calcula-
tion of an entanglement measure be performed (one that
can be found from a density matrix for larger systems,
such as Negativity [10–12]). Hence, the studies of entan-
glement build-up between a system and its environment
are rather limited in literature [13–19] and although they
provide insight into the workings of a given open system,
they can be used to draw more general conclusions in a
limited extent.
If the class of systems under study is reduced to such
systems for which the interaction with the environment
can only lead to pure dephasing of the system of interest,
an effective theoretical tool to distinguish entangling and
non-entangling evolutions has recently become available,
as long as the system is only a qubit [20]. We first extend
the results of Ref. [20] and find that qubit-like criteria for
system-environment separability are not sufficient to dis-
tinguish between entangling and non-entangling system-
environment evolutions. These criteria bind the initial
state of the environment to operators which describe the
evolution of the environment conditional on the state
of the system. We find that, if any of these criteria is
not satisfied then entanglement is definitely present, but
there exist entangled states for which all of the qubit-like
criteria are fulfilled. Furthermore, for larger systems it
is possible for an initially fully mixed environment to en-
tangle with the qubit during their joint pure-dephasing
evolution, a phenomenon, which is impossible in the case
of the qubit.
In fact, for larger systems a completely different set
of separability criteria is necessary in addition to the
qubit-like conditions, to fully separate entangled states
obtained during the evolution from non-entangled ones.
We find the second set of criteria, which are qualitatively
different from the qubit-like conditions, as they are de-
fined on the conditional evolution operators of the envi-
ronment alone.
The paper is organized as follows. In Sec. II we de-
scribe, what is meant by “pure dephasing evolutions” in
terms of the system-environment Hamiltonian and write
the operators which govern the joint evolution of the sys-
tem and environment in this case. In Sec. III we re-
count the results of Ref. [20] concerning the generation
of qubit-environment entanglement, and find a conve-
nient and general explicitly separable form of any system-
environment density matrix which fulfills the separability
criterion. Sec. IV is devoted to the study of a qutrit in-
teracting with an environment of any size and introduces
the additional separability criteria for larger systems. In
Sec. V a full set of separability criteria for both a system
of any size and an environment of any size is introduced.
Sec. VI concludes the paper.
2II. PURE DEPHASING EVOLUTIONS
In the study of the generation of SEE (or to be precise,
the distinction between entangling and non-entangling
evolutions) for systems which are larger than a qubit,
we remain in the same framework as in the single qubit
study [20], meaning that we study a class of Hamiltonians
for which the interaction with the environment leads to
pure dephasing of the system of interest (after tracing
out the environmental degrees of freedom). For systems
of dimension N and an unspecified, arbitrary size of the
environment, the class of Hamiltonians is
Hˆ =
N−1∑
k=0
εk|k〉〈k|+ HˆE +
N−1∑
k=0
|k〉〈k| ⊗ Vˆk, (1)
where the first term on the right describes the free Hamil-
tonian of the system in its eigenbasis {|k〉}, HˆE is an ar-
bitrary free Hamiltonian of the environment, and the last
term describes the interaction, which has to be diagonal
in the basis {|k〉} of the system, while the environmental
operators Vˆk are also arbitrary.
Since the free Hamiltonian of the system commutes
with all other terms of the Hamiltonian and local uni-
tary operations do not affect the amount of SEE, in the
following we will always implicitly write the evolution of
the system (and the corresponding evolution operators)
without the unitary oscillations of the system which re-
sult from this first term of the Hamiltonian. Hence, the
density matrix of the system and environment under con-
sideration is in fact of the form Uˆ †S(t)σˆ(t)UˆS(t) with
UˆS(t) = exp
(
− i
~
t
N−1∑
k=0
εk|k〉〈k|
)
=
N−1∑
k=0
e−
i
~
εkt|k〉〈k|.
This does not affect any of the later conclusions drawn
with respect to SEE.
The evolution operator for the system and environment
(without the local unitary oscillations of the system) is
of the form
Uˆ(t) =
N−1∑
k=0
|k〉〈k| ⊗ wˆk(t), (2)
with the evolution operator of the environment condi-
tional on the state of the system given by
wˆk(t) = exp
(
− i
~
(HˆE + Vˆk)t
)
. (3)
We assume that the system and environment are ini-
tially in a product state, with the system in a pure state
|ψ〉 =∑N−1k=0 ck|k〉, while there are no limitations on the
initial state of the environment, Rˆ(0). Hence the time
evolution of the combined system-environment state is
given by
σˆ(t) = Uˆ(t)
(
|ψ〉〈ψ| ⊗ Rˆ(0)
)
Uˆ †(t) =
N−1∑
k,l=0
ckc
∗
l |k〉〈l|Rˆkl(t),
(4)
where
Rˆkl(t) = wˆk(t)Rˆ(0)wˆ
†
l (t). (5)
III. SEPARABILITY FOR A QUBIT
Let us first look at the situation, when our system is
a qubit, N = 2, following the results of Ref. [20]. In this
case the “if and only if” condition for separability at time
t is [Rˆ(0), wˆ†0(t)wˆ1(t)] = 0 [20], or, equivalently, Rˆ00(t) =
Rˆ11(t). Hence, the density matrix of an evolving system
and environment which is separable at time t can always
be written as
σˆ(t) =
( |c0|2Rˆ00(t) c0c∗1Rˆ01(t)
c∗0c1Rˆ10(t) |c1|2Rˆ00(t)
)
. (6)
Here we use a notation, in which the matrix is written in
terms of system states, while the environmental degrees
of freedom are contained in the operators Rˆij(t), which
would be explicitly written in Dirac notation. To see that
the form of the density matrix given by eq. (6) actually
guarantees qubit-environment separability, it is best to
transform the off-diagonal environmental matrices Rˆij(t),
i 6= j, in the following way,
Rˆ01(t) = wˆ0(t)Rˆ(0)wˆ
†
0(t)wˆ0(t)wˆ
†
1(t) = Rˆ00(t)wˆ0(t)wˆ
†
1(t),
Rˆ10(t) = wˆ1(t)Rˆ(0)wˆ
†
1(t)wˆ1(t)wˆ
†
0(t) = Rˆ11(t)wˆ1(t)wˆ
†
0(t)
= Rˆ00(t)wˆ1(t)wˆ
†
0(t). (7)
Note, that this procedure can be performed in such a
way that the wˆk(t) operators are left over on the left side,
leading to
Rˆ01(t) = wˆ0(t)wˆ
†
1(t)Rˆ00(t),
Rˆ10(t) = wˆ1(t)wˆ
†
0(t)Rˆ00(t),
which shows that the following commutation relations are
true [
Rˆ00(t), wˆ1(t)wˆ
†
0(t)
]
= 0, (8a)[
Rˆ00(t), wˆ0(t)wˆ
†
1(t)
]
= 0, (8b)[
wˆ0(t)wˆ
†
1(t), wˆ1(t)wˆ
†
0(t)
]
= 0. (8c)
The last commutation relation comes from the fact that(
wˆ0(t)wˆ
†
1(t)
)†
= wˆ1(t)wˆ
†
0(t), which for unitary opera-
tors, such as wˆ0(t)wˆ
†
1(t) implies commutation (since they
can be diagonalized in the same basis). Note that there
is nothing assumed about the commutation of wˆ0(t) and
wˆ1(t), or wˆ0(t)wˆ
†
1(t) and wˆ
†
0(t)wˆ1(t).
With the use of eqs (7), we can write the whole density
matrix (6) in the form
σˆ(t) =
( |c0|2Rˆ00(t) c0c∗1Rˆ00(t)wˆ0(t)wˆ†1(t)
c∗0c1wˆ1(t)wˆ
†
0(t)Rˆ00(t) |c1|2Rˆ00(t)
)
.
(9)
3Since the commutation relations (8) imply that there ex-
ists an environmental basis {|n(t)〉} which diagonalizes
Rˆ00(t), wˆ0(t)wˆ
†
1(t), and wˆ1(t)wˆ
†
0(t) at time t, we can write
all three operators with the help of this basis,
Rˆ00(t) =
∑
n
pn(t)|n(t)〉〈n(t)|, (10a)
wˆ0(t)wˆ
†
1(t) =
∑
n
eiφn(t)|n(t)〉〈n(t)|, (10b)
wˆ1(t)wˆ
†
0(t) =
∑
n
e−iφn(t)|n(t)〉〈n(t)|. (10c)
Now the density matrix (9) can be written with the help
of basis {|n(t)〉} in an obviously separable form,
σˆ(t) =
∑
n
pn(t)
( |c0|2 c0c∗1eiφn(t)
c∗0c1e
−iφn(t) |c1|2
)
⊗|n(t)〉〈n(t)|.
(11)
With the density matrix in this form, it is also obvious
that it is zero-discordant with respect to the environ-
ment, but not necessarily with respect to the qubit [21].
IV. SEPARABILITY OF A QUTRIT
A. The inadequacy of the qubit-like separability
conditions alone
The previous section allows us to easily find the only
possible separable form of the qubit-environment density
matrix for pure dephasing evolutions. Furthermore, it
will allow us to extend the reasoning to systems of di-
mension N > 2, and check, if a straightforward exten-
sion of the qubit separability condition to bigger systems
is enough to guarantee separability for N > 2.
Let us for now restrict ourselves to an N = 3 system
(a qutrit) interacting with the environment as described
in Sec. II. The idea is not to repeat the reasoning of
Ref. [20] and look at minors; instead, we will look at the
time-evolved qutrit-environment density matrix (4),
σˆ(t) =

 |c0|2Rˆ00(t) c0c∗1Rˆ01(t) c0c∗2Rˆ02(t)c1c∗0Rˆ10(t) |c1|2Rˆ11(t) c1c∗2Rˆ12(t)
c2c
∗
0Rˆ20(t) c2c
∗
1Rˆ21(t) |c2|2Rˆ22(t)

 , (12)
and impose the conditions, which are an extension of the
separability conditions for a qubit,
[Rˆ(0), wˆ†0wˆ1] = [Rˆ(0), wˆ
†
1wˆ2] = [Rˆ(0), wˆ
†
2wˆ0] = 0, (13)
or, equivalently, Rˆ00(t) = Rˆ11(t) = Rˆ22(t). Under these
conditions, we get (as in eq. (7))
Rˆij(t) = Rˆ00(t)wˆi(t)wˆ
†
j (t) (14)
and [
Rˆ00(t), wˆi(t)wˆ
†
j (t)
]
= 0, (15a)[
Rˆ00(t), wˆj(t)wˆ
†
i (t)
]
= 0, (15b)[
wˆj(t)wˆ
†
i (t), wˆi(t)wˆ
†
j (t)
]
= 0, (15c)
for all i and j.
Hence, if the density matrix of a qutrit and its environ-
ment (12) fulfills the conditions (13), it can be written
as
σˆ(t) =

 |c0|2Rˆ00(t) c0c∗1Rˆ00(t)wˆ0(t)wˆ
†
1(t) c0c
∗
2Rˆ00(t)wˆ0(t)wˆ
†
2(t)
c1c
∗
0wˆ1(t)wˆ
†
0(t)Rˆ00(t) |c1|2Rˆ00(t) c1c∗2Rˆ00(t)wˆ1(t)wˆ†2(t)
c2c
∗
0wˆ2(t)wˆ
†
0(t)Rˆ00(t) c2c
∗
1wˆ2(t)wˆ
†
1(t)Rˆ00(t) |c2|2Rˆ00(t)

 . (16)
This density matrix is not necessarily always separa-
ble, because although for all i 6= j there exists a ba-
sis {|nij(t)〉} which diagonalizes Rˆ00(t), wˆj(t)wˆ†i (t), and
wˆi(t)wˆ
†
j (t), there is no reason for the different bases
{|nij(t)〉} to be the same. Hence, unless we also have[
wˆi(t)wˆ
†
j(t), wˆk(t)wˆ
†
l (t)
]
= 0 (17)
for all i, j, k, l = 0, 1, 2, it is impossible to write the den-
sity matrix (16) in the simple separable form as done in
eq. (11) at the end of Sec. III. The conditions (17) actu-
ally come down to one independent, nontrivial equation;
it should be obvious that there are three such equations
taking into account the commutation relation (15c), since
there are three relevant combinations of indexes 01, 02,
and 12, while the reduction to one will become apparent
in Sec. IVC.
It is fairly simple to show that, if any of the conditions
of eq. (13) are not fulfilled, then the system is entan-
gled with its environment following the method used in
Ref. [20]. The proof of this fact for a system of any size
is provided in Appendix A.
Hence, if condition (13) is broken, it indicates entan-
glement, while if both condition (13) and conditions (17)
are fulfilled, the system and environment are separable.
It is the gray area where condition (13) is fulfilled, while
any of the conditions (17) are broken, that is interesting.
There are three possibilities:
4• The difference between the qubit and qutrit situa-
tions is only apparent, and the fulfillment of condi-
tion (13) is both necessary and sufficient for sepa-
rability.
• The fulfillment of condition (13) is necessary for
separability, while the conditions (17) are necessary
and sufficient for separability (so when any of the
conditions (17) are not met, there is entanglement
in the system).
• The fulfillment of condition (13) is necessary for
separability, while the conditions (17) are sufficient
(so when the conditions (17) are met, there is no
entanglement in the system, but there are also sit-
uations, when the conditions (17) are not fulfilled
and there is no SEE).
The following example will eliminate the first option,
since it will show that there exists a situation when a
system is entangled with its environment, even though
condition (13) is fulfilled.
B. Example: Entanglement of a qutrit with a
initial completely mixed state of the environment
Let us look at an exemplary situation, in which con-
dition (13) is fulfilled, but some of the conditions (17)
are not. To make the example as simple as possible we
will consider a single-qubit environment (the system is a
qutrit). We assume that the initial state of the qutrit is
an equal superposition state |ψ〉 = 1/√3(|0〉 + |1〉+ |2〉)
for simplicity. The initial state of the environment is a
completely mixed state Rˆ(0) = 1/2(|0〉〈0|+ |1〉〈1|), which
guarantees the fulfillment condition (13), since the unit
matrix commutes with all other matrices.
We are interested in a certain instant of time t, when
the conditional evolution operators of the environment
are proportional to unity and two of the Pauli matrices,
wˆ0(t) = 1, (18a)
wˆ1(t) =
(
1 0
0 −1
)
, (18b)
wˆ2(t) =
(
0 i
−i 0
)
, (18c)
so wˆ0(t) commutes with wˆ1(t) and wˆ2(t) (all three are
hermitian), but wˆ1(t) and wˆ2(t) do not commute with
each other, nor do they commute with
wˆ1(t)wˆ2(t) =
(
0 i
i 0
)
, (19)
which is proportional to the thrid Pauli matrix. Hence
the system-environment density matrix at time t is given
by
σˆ(t) =
1
6

 1 wˆ
†
1(t) wˆ
†
2(t)
wˆ1(t) 1 wˆ1wˆ
†
2(t)
wˆ2(t) wˆ2(t)wˆ
†
1(t) 1

 (20a)
=
1
6


1 0 1 0 0 i
0 1 0 −1 −i 0
1 0 1 0 0 i
0 −1 0 1 i 0
0 i 0 −i 1 0
−i 0 −i 0 0 1

 . (20b)
The matrix in eq. (20b) is written explicitly in
the system-environment basis in the following order
{|00〉, |01〉, |10〉, |11〉, |20〉, |21〉}, where in the notation
|se〉 = |s〉 ⊗ |e〉, s denotes the state of the system, while
e denotes the state of the environment.
To check, if there is SEE in the state described by the
density matrix (20b), it suffices to find the eigenvalues
of the matrix after partial transposition with respect to
either the system or the environment. If the transposed
matrix is not a density matrix (has negative eigenval-
ues) then there is entanglement in the system (as stated
by the Peres-Horodecki criterion [22, 23]). After partial
transposition with respect to the environment we get
σˆTE (t) =
1
6


1 0 1 0 0 −i
0 1 0 −1 i 0
1 0 1 0 0 i
0 −1 0 1 i 0
0 −i 0 −i 1 0
i 0 −i 0 0 1

 . (21)
The matrix has two negative eigenvalues equal to (− 16 )
(and four positive eigenvalues equal to 13 ), so it is not
a density matrix, and there is entanglement between the
system and the environment in the (not transposed) den-
sity matrix (20b).
There are a couple of interesting conclusions, which can
be drawn from the above example. The first obviously is
that the fulfillment of condition (13) is not sufficient for
separability. The second, which should be surprising, is
that pure-dephasing evolution can lead to entanglement
with the enviroment even, if the environment is initially
in a completely mixed state (hence, fully classical). This
is absolutely not possible, if the system is a qubit.
C. The commutation conditions between different
environmental evolution operators are necessary and
sufficient for separability
In the following we will show that systems for which
the qubit-like condition (13) is met, but at least one of
the conditions (17) is not, display SEE. To this end, we
study the qutrit-environment density matrix (16), which
is already written in a form equivalent to the fulfillment
of the qubit-like conditions (13).
5For simplicity, let us denote
Wˆij(t) = wˆi(t)wˆ
†
j (t) = Wˆ
†
ji(t), (22)
which automatically implies Wˆ12(t) = Wˆ10(t)Wˆ
†
20(t). It
is now convenient to write Rˆ00(t), Wˆ10(t) and Wˆ20(t) in
the common eigenbasis of Rˆ00(t) and Wˆ10(t), {|n01(t)〉}
(this basis may change with time),
Rˆ00(t) =
∑
n
pn|n01(t)〉〈n01(t)|, (23a)
Wˆ10(t) =
∑
n
eiφn(t)|n01(t)〉〈n01(t)|, (23b)
Wˆ20(t) =
∑
nm
xnm|n01(t)〉〈m01(t)|. (23c)
Obviously Wˆ20(t) is not diagonal in this basis. If that
were the case then also Wˆ10(t)Wˆ
†
20(t) would be diago-
nal in the same basis and the state would have to be
separable, since the conditions (17) would be fulfilled.
Furthermore, it should now be evident that, if one of the
conditions (17) is met, it implies the fulfillment of the
other two, since from
[
wˆ1(t)wˆ
†
0(t), wˆ0(t)wˆ
†
2(t)
]
=
[
Wˆ10(t), Wˆ
†
20(t)
]
= 0, (24)
we get
[
wˆ0(t)wˆ
†
1(t), wˆ1(t)wˆ
†
2(t)
]
=
[
Wˆ †10(t), Wˆ10(t)Wˆ
†
20(t)
]
= 0,[
wˆ2(t)wˆ
†
0(t), wˆ1(t)wˆ
†
2(t)
]
=
[
Wˆ20(t), Wˆ10(t)Wˆ
†
20(t)
]
= 0.
It is now possible to write the whole density matrix
(16) at time t using the environmental basis {|n01(t)〉},
which will be denoted as simply {|n(t)〉} in what follows.
This yields
σˆ(t) =

 |c0|2
∑
n pn|n(t)〉〈n(t)| c0c∗1
∑
n pne
−iφn(t)|n(t)〉〈n(t)| c0c∗2
∑
nm pnx
∗
mn|n(t)〉〈m(t)|
c1c
∗
0
∑
n pne
iφn(t)|n(t)〉〈n(t)| |c1|2
∑
n pn|n(t)〉〈n(t)| c1c∗2
∑
nm pne
iφn(t)x∗mn|n(t)〉〈m(t)|
c2c
∗
0
∑
nm pmxnm|n(t)〉〈m(t)| c2c∗1
∑
nm pme
−iφm(t)xnm|n(t)〉〈m(t)| |c2|2
∑
n pn|n(t)〉〈n(t)|

 .
(25)
Note that in this basis, five out of nine submatrices de-
scribing the environment conditional on the element of
the density matrix of the system are diagonal.
To check, if the density matrix is entangled, we again
use the Peres-Horodecki criterion [22, 23], firstly apply-
ing a partial transposition to eq. (25) with respect to the
system and then checking, if the resulting matrix has neg-
ative eigenvalues (if it does, then there is entanglement
between the system and the environment, otherwise the
question is unanswered). The partial transposition yields
σˆTS (t) =

 |c0|2
∑
n pn|n(t)〉〈n(t)| c0c∗1
∑
n pne
iφn(t)|n(t)〉〈n(t)| c2c∗0
∑
nm pmxnm|n(t)〉〈m(t)|
c1c
∗
0
∑
n pne
−iφn(t)|n(t)〉〈n(t)| |c1|2
∑
n pn|n(t)〉〈n(t)| c2c∗1
∑
nm pme
−iφm(t)xnm|n(t)〉〈m(t)|
c0c
∗
2
∑
nm pnx
∗
mn|n(t)〉〈m(t)| c1c∗2
∑
nm pne
iφn(t)x∗mn|n(t)〉〈m(t)| |c2|2
∑
n pn|n(t)〉〈n(t)|

 .
(26)
Since the diagonalization of the matrix (26) for an ar-
bitrary size of the environment is impossible, we restrict
ourselves to the study of its principal minors, since a ma-
trix has only non-negative eigenvalues, if and only if all
of its principal minors are non-negative.
We have identified a class of principal minors, which
solve the question of qubit-environment entanglement
generation, when the conditions (17) are not fulfilled.
These minors are determinants of 3×3 matrices obtained
by symmetrically crossing out (3M−3) rows and columns
out of the transposed matrix (26), whereM is the dimen-
sion of the environment. They are described by two in-
dices k, q = 0, 1, ...,M−1, which correspond to two states
of the environment. Note, that the rows and columns of
the matrix (26) which is of dimension 3M×3M are num-
bered by both the system and the environmental states
and are ordered in such a way, that the row/column num-
ber r = sM + e, where s = 0, 1, 2 denote system states,
while e = 0, 1, ...,M − 1 denote states of the environ-
ment. To obtain the 3 × 3 matrix for a given k and q,
we cross out all rows and columns with the exception of
the k-th, (M + k)-th and (2M + q)-th rows and columns.
This means that only the k-th diagonal elements from
the parts of the matrix (26) proportional to |c0|2 and
|c1|2 are left over, as well as the q-th element from the
part proportional to |c1|2, which yields principal minors
of the form
6Dkq = det

 |c0|2pk c0c∗1pkeiφk(t) c2c∗0pqxkqc∗0c1pke−iφk(t) |c1|2pk c2c∗1pqe−iφq(t)xkq
c∗2c0pqx
∗
kq c
∗
2c1pqe
iφq(t)x∗kq |c2|2pq

 . (27)
Since from the condition (13) we get eq. (15a) and
consequently
[
Rˆ00, Wˆ20
]
= 0, this means that either pk =
pq or xkq = 0. If xkq = 0, then the principal minor
Dkq = 0. Otherwise we get
Dkq = −2|c0c1c2|2p3k|xkq |2 [1− cos (φk(t)− φq(t))] ,
(28)
which cannot be positive, and is equal to zero only in
four situations . Two of them are trivial. The first is
when the initial occupation of the qubit |ci|2 = 0 for any
i = 0, 1, 2, which means that the studied system is op-
erationally a qubit, not a qutrit. In the second trivial
situation both of the eigenvalues of the matrix Rˆ00(t) are
zero, pk = pq = 0, so regardless of the value of the param-
eter xkq , there are no transitions between the states |k(t)〉
and |q(t)〉. In this situation, no transitions will occur to
states |k(t)〉 or |q(t)〉, since for any state |n(t)〉, either
pn = pk/q and must be equal to zero, or x(k/q)n = 0.
Hence, the density matrix elements corresponding to the
states |k(t)〉 and |q(t)〉 must be equal to zero during any
point of the evolution, and |k(t)〉 and |q(t)〉 can be elimi-
nated from the subspace of environmental degrees of free-
dom taken into account. Note that the discussed system-
environment state is already restricted by the fulfillment
of conditions (13); the above conclusion is by no means
general.
The other two situations are relevant, if we wish to
distinguish between entangling and non-entangling evo-
lutions. For the determinant Dkq to be zero, we must
either have xkq = 0 or e
iφk(t) = eiφq(t) = 0, otherwise
Dkq < 0 which means that there is entanglement in the
system. If it is true for all k and q that xkq = 0 or
eiφk(t) − eiφq(t) = 0, then it is equivalent to write[
Wˆ10(t), Wˆ20(t)
]
= 0, (29)
which means that eq. (24) is also fulfilled, and conse-
quently the conditions (17) are met. In this case we can
show, using the definition of separability that the qutrit
is separable from its environment. Otherwise there is
qutrit-environment entanglement in the studied state.
Hence, we have shown that both the condition (13)
and the condition (29) must be fulfilled for a qutrit to
be separable from its environment. If either of the con-
ditions are not met, then there is entanglement in the
system. Note that for a qutrit coupled to a qubit en-
vironment (as in the example of Sec. IVB), the “grey
area” where the condition (13) is met, but condition (29)
is not, contains only situations with an initially fully
classical environment p0 = p1 = 1/2, because p0 6= p1
implies x01 = x10 = 0, for which two-dimensional op-
erators Wˆ10(t) and Wˆ20(t) must commute. For larger
environments, other, more quantum initial states of the
environment may lead to the generation of this kind of
entanglement.
V. LARGER SYSTEMS
There is no qualitative difference when studying sys-
tems of larger dimensionality, N > 3, compared to the
qutrit case, as there is between a qubit and a qutrit.
The qubit-like conditions, correspondnig to those given
by eq. (13) for the qutrit, now take the form that for all
i, j = 0, 1, ..., N − 1 (the indices label system states)
[Rˆ, wˆ†i (t)wˆj(t)] = 0. (30)
Obviously, if the condition (30) is satisfied for i and j,
then it must be satisfied for j and i (interchanged in-
dices) and the conditions are automatically fulfilled for
i = j. Furthermore, since for a given i and j the con-
dition of eq. (30) is equivalent to Rˆii(t) = Rˆjj(t), it is
evident that if condition (30) is satisfied for i and j, as
well as for i and k, then it must be satisfied for j and k
as well. Hence, there are (N − 1) non-trivial qubit-like
commutation conditions in eq. (30). If any of these con-
ditions is broken, then there is entanglement between the
system and its environment in the density matrix given
by eq. (4). A proof of this fact is given in Appendix (A).
When all of the conditions (30) are satisfied, the ques-
tion of separability is still open and another set of condi-
tions needs to be verified. These are similar to the condi-
tions introduced for the qutrit scenario (17), namely that
for all i, j, k, and l (where the indices again label system
states only) [
Wˆij(t), Wˆkl(t)
]
= 0, (31)
where the environmental operators Wˆij(t) are given by
eq. (22).
Note that only (N − 1)(N − 2)/2 of these conditions
are independent. This is obvious, if we first set two of the
system indices to a fixed an equal value, say j = k = 0.
It is then straightforward to show that if for all i 6= l, the
conditions [
Wˆi0(t), Wˆ0l(t)
]
= 0, (32)
are fulfilled, also all conditions (31) must be satisfied. To
7this end, we can write[
Wˆij(t), Wˆkl(t)
]
= Wˆij(t)Wˆkl(t)− Wˆij(t)Wˆkl(t)
= Wˆi0Wˆ0jWˆk0(t)Wˆ0l(t)− Wˆij(t)Wˆkl(t)
= Wˆk0Wˆ0lWˆi0(t)Wˆ0j(t)− Wˆij(t)Wˆkl(t)
= Wˆij(t)Wˆkl(t)− Wˆij(t)Wˆkl(t) = 0,
since Wˆi0(t) = Wˆ
†
0i(t) and the operators are unitary (so
the commutation relations of eq. (32) hold, if one or both
operators undergo hermitian conjugation).
VI. CONCLUSION AND OUTLOOK
We have shown that there is a qualitative difference
between system-environment generation in case of larger
systems and in case of a qubit. Although a generaliza-
tion of the qubit separability condition to larger systems
does constitute an entanglement witness (if any of the
qubit-like conditions is broken, this means that there is
entanglement in the system), entanglement can be gen-
erated also, if all of such conditions are met.
Furthermore, we have identified an additional set of
separability conditions which apply for systems of larger
dimensionality than a qubit, when all qubit-like condi-
tions are fulfilled. These conditions act on evolution op-
erators which govern environment behavior depending on
different states of the system, and contrarily to the qubit-
like conditions, are independent of the actual initial state
of the environment (neither set of conditions is dependent
on the system state, as long as it is a superposition of
pointer states). This set of conditions allows us to make
a final distinction between entangling and non-entangling
evolutions, since if they are all fulfilled at a given time
(additionally to the qubit-like conditions), the system-
environment state at this time is separable. Otherwise it
is always entangled.
The number of separability conditions expectedly
grows with the size of the studied system. There are
N − 1 conditions of the first type and (N − 1)(N − 2)/2
conditions of the second type for a system of size N .
Hence, the number of qubit-like conditions grows more
slowly, but the number of conditions of the other type is
smaller for a both a qubit and a qutrit, while for N = 4
there are three non-trivial conditions of each type. Still,
for reasonably small systems, and/or interactions of large
symmetry, checking entanglement generation using the
proposed method should be manageable.
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Appendix A: Proof of entanglement generation
when any of the qubit-like conditions is broken
Let us consider a system of any size N interacting with
an environment of any size M via a pure-dephasing in-
teraction described in Sec. II. The time-evolved density
matrix of the system and its environment can be written
using eq. (4) and after partial transposition with respect
to the system, we get
σˆTS (t) =
N−1∑
k,l=0
ckc
∗
l |l〉〈k|Rˆkl(t), (A1)
where the states |l〉 and |k〉 are interchanged with respect
to (4).
To prove that there is entanglement between the sys-
tem and its environment in all situations when at least
one of the qubit like conditions given by eq. (30) is bro-
ken, it is convenient to write the conditions in an equiv-
alent form, [
Rˆii(t), Wˆij(t)
]
= 0, (A2)
where Rˆii(t) is given by eq. (5) and Wˆij(t) is given by
eq. (22).
To prove the equivalence of conditions (30) and (A2),
we first provide the derivation of (A2) from (30). Since we
may always write Rˆij(t) = Rˆii(t)Wˆij(t) = Wˆij(t)Rˆjj(t)
and the condition (30) can easily be transformed into
Rˆii(t) = Rˆjj(t), we get Rˆii(t)Wˆij(t) = Wˆij(t)Rˆii(t). For
the derivation of (30) from (A2), we start by writing
eq. (A2) explicitly in terms of the wˆi(t) operators and
the initial state of the environment Rˆ(0),
wˆi(t)Rˆ(0)wˆ
†
i (t)wˆi(t)wˆ
†
j (t)−wˆi(t)wˆ†j (t)wˆi(t)Rˆ(0)wˆ†i (t) = 0.
(A3)
Since wˆi(t) are unitary, multiplying on the right by wˆi(t)
yields
wˆi(t)
(
Rˆ(0)wˆ†j(t)wˆi(t)− wˆ†j(t)wˆi(t)Rˆ(0)
)
= 0, (A4)
and multiplying by wˆ†i (t) on the left yields the condi-
tion (30). Hence, showing that the violation of any of
the conditions (A2) guarantees system-environment en-
tanglement is equivalent to showing the same for the vi-
olation of any of the conditions (30).
To show that, if for any i 6= j there is
[
Rˆii(t), Wˆij(t)
]
6=
0, then there is system-enviroment entanglement at time
t, we use the Peres-Horodecki criterion [22, 23]. Hence,
we must show that in this case the system-environment
density matrix after partial transposition (A1) has nega-
tive eigenvalues. Since a matrix has negative eigenvalues,
if any of its principal minors is negative, we study a class
of minors which is indicative of this type of entanglement,
extending the results of Ref. [20]. For given system states
i and j we first eliminate all elements of the matrix (A1)
describing other system states, by symmetrically crossing
out rows and columns denoted by other system indices
than ii, ij, ji, and jj. The resulting matrix is of the form
Mˆij =
(
|ci|2Rˆii(t) c∗i cjWˆ †ij(t)Rˆii(t)
cic
2
j Rˆii(t)Wˆij(t) |cj |2Wˆ †ij(t)Rˆii(t)Wˆij(t)
)
,
(A5)
since
Rˆjj(t) = Wˆ
†
ij(t)Rˆii(t)Wˆij(t), (A6a)
Rˆij(t) = Rˆii(t)Wˆij(t), (A6b)
Rˆji(t) = Wˆ
†
ij(t)Rˆii(t). (A6c)
We will not study the minor corresponding to the ma-
trix (A5), since for an arbitrary size of the environment,
calculating it is too complex. Instead we write the ma-
trix in the eigenbasis of Rˆii(t), which is specific for time
t, and which we denote as {|n(t)〉}. In this basis, we have
Rˆii(t) =
∑
n
pn(t)|n(t)〉〈n(t)|, (A7a)
Wˆij(t) =
∑
nm
ynm(t)|n(t)〉〈m(t)|, (A7b)
where pn(t) are the eigenvalues of Rˆii(t) and ynm(t) =
〈n(t)|Wˆij(t)|m(t)〉. The indices i and j are omitted here.
Now the class of relevant principal minors is obtained by
symmetrically crossing outM−1 rows and columns from
the matrix (A5) in such a way, that only one diagonal
element proportional to |cjj |2 is left (and then finding
the determinant). Hence, we get M principal minors
in this class labeled by the environmental state index
n = 0, 1, ...,M − 1 (the explicit time-dependence of the
parameters has been dropped in the following),
9Y ijn = det


|ci|2p0 · · · 0 c∗i cjpny∗n0
...
. . .
...
...
0 · · · |ci|2pM−1 c∗i cjpny∗nN−1
cic
∗
jpnyn0 · · · cic∗jpnynM−1 |cj|2
∑
k pk|ykn|2

 = |ci|2M |cj |2

∏
q
pq
∑
k
pk|ykn|2 −
∑
k
∏
q 6=k
pqp
2
n|ynk|2

 .
(A8)
This class of minors is of exactly the same form as in
Ref. [20] and their analysis leads to an analogous conclu-
sion. There are three relevant situations:
1. If all of the eigenvalues of the matrix Rˆii(t), pk, are
non-zero, then
Y ijn = |ci|2M |cj |2
∏
q
pq
∑
k
[
pk|ykn|2 − p
2
n
pk
|ynk|2
]
.
(A9)
If we now choose such n′ that the corresponding
pn′ is largest (pn′ ≥ pk for all k), it is easy to show
that
∑
k pk|ykn′ |2 ≤ pn′ and
∑
k
p2
n′
pk
|yn′k|2 ≥ pn′ ,
since
∑
k |yn′k|2 =
∑
k |ykn′ |2 = 1 (because the op-
erators Wˆij(t) are unitary). Hence, the minor Y
ij
n′
is equal to zero only, if for all k either pk = pn′ or
|yn′k| = |ykn′ | = 0 (when
∑
k pk|ykn′ |2 = pn′ and∑
k
p2
n′
pk
|yn′k|2 = pn′). Otherwise it is negative and
there must be SEE present.
In the situation, when Y ijn′ = 0, n
′′ should be stud-
ied, for which the eigenvalue pn′′ is second largest
(pn′′ ≤ pn′ and pn′′ ≥ pk for all k 6= n′). Both con-
ditions stemming from Y ijn′ = 0 lead to the conclu-
sion that
∑
k pk|ykn′′ |2 ≤ pn′′ and
∑
k
p2
n′′
pk
|yn′k|2 ≥
pn′′ . Hence, Y
ij
n′i = 0 if and only if either pk = pn′′
or |yn′′k| = |ykn′′ | = 0 for all k, otherwise it is
negative.
Repeating this reasoning for all minors in the or-
der of diminishing pn leads to the conclusion that
there is SEE unless for all k and q either pk = pq
or |ykq| = |yqk| = 0 (and all principal minors from
the class Y ijn = 0). This is equivalent to the state-
ment that entanglement has been generated unless[
Rˆii(t), Wˆij(t)
]
= 0.
2. If only one of the eigenvalues of the matrix Rˆii(t)
is equal to zero (let us denote the corresponding
eigenstate as |r(t)〉, so pr = 0), then
Y ijn = −|ci|2M |cj |2

∏
q 6=r
pq

 p2n|ynr|2 (A10)
for n 6= r and Y ijr = 0. Hence, if there exists |ynr| 6=
0 for any n 6= r, then there is SEE. Otherwise the
environmental state |r(t)〉 does not take part in the
system-environment evolution and does not need to
be taken into account, so entanglement generation
may be probed using the minors of eq. (A9) after
eliminating the state |r(t)〉 from the subspace of the
environment.
Note that this situation can still be described us-
ing the commutation of Rˆii(t) and Wˆij(t). This is
because, if there exists |ynr| 6= 0, with pr = 0, but
pn 6= 0, then Y ijn < 0 and furthermore the com-
mutation of Rˆii(t) and Wˆij(t) is impossible. Oth-
erwise, for |ynr| = 0 for all n and there is entan-
glement in the system unless Rˆii(t) and Wˆij(t) can
be diagonalized in the same basis. Hence, if the
condition
[
Rˆii(t), Wˆij(t)
]
= 0 is not satisfied, then
the system is entangled with its environment.
3. If more than one eigenvalue of of the matrix Rˆii(t)
is equal to zero, then the class of minors given by
eq. (A8) is not a good class for the study of entan-
glement generation, since all of the minors in this
class are always equal to zero. If for any of the
states {|p〉} for which pp = 0, we have |ynp| = 0
for all n, then these states can be elminated from
the subspace of environmental states for the anal-
ysis of entanglement generation, since they do not
take part in the system-environment evolution. If
none, or only one relevant |p〉 state is present in
the system, then the system should be treated as
described above.
Otherwise, if after eliminating the parts of the
Hilbert space of the environment, which do not take
part in the evolution, there are still K ≥ 2 states
from the subspace {|p〉}, then the analysis of en-
tanglement generation requires a different class of
principal minors. This is obtained by crossing out
all but one of the rows and columns corresponding
to diagonal elements equal to zero in the matrix
given on the left in eq. (A8), under the determi-
nant. This new class has to be described by two
indices, where the new index r denotes the single
state with pr = 0 taken into account, while the
scope of index n does not encompass states from
the susbspace {|p〉}. Hence, we have a new class of
minors
Y˜ ijnr = −|ci|2(M−K+1)|cj |2

 ∏
q/∈{p}
pq

 p2n|ynr|2, (A11)
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where {p} denotes the set of indices for which pp =
0. The minors Y˜ ijnr are negative when |ynr| 6= 0, so
in the described situation, a negative minor must
exist and entanglement is present. Furthermore,
since the states corresponding to the non-zero el-
ement of the Wˆij(t) operator, |ynr|, have differ-
ent occupations in the environmental state Rˆii(t),
pn 6= pr = 0, Wˆij(t) and Rˆii(t) do not commute.
Hence, we have shown that there is SEE present in the
density matrix (4) of a system of any size N and envi-
ronment of any size M , if for any i 6= j, where i and
j describe states of the system, the environmental den-
sity matrix Rˆii(t) does not commute with the operator
Wˆij(t), so the conditions (A2) are broken. These condi-
tions are equivalent to the qubit-like conditions (30), so
entanglement is present in state (4), if for any i 6= j we
have Rˆii(t) 6= Rˆjj(t).
Appendix B: Proof of entanglement generation
when any of the additional conditions are broken,
while the qubit-like conditions are satisfied
We will continue to study a system of arbitrary size
N coupled via pure-dephasing interaction to an environ-
ment of again arbitrary size M , but now we assume that
all of the qubit-like conditions (30), which are necessary
for system-environment separability (but not sufficient),
are satisfied. Hence, the system-environment density ma-
trix can be written as
σˆ(t) =
∑
i
|ci|2|i〉〈i|Rˆ00(t) (B1)
+
∑
i>j
(
cic
∗
j |i〉〈j|Rˆ00(t)Wˆij(t) + H.c.
)
,
since (30) implies Rˆii(t) = Rˆ00(t), for all i. After partial
transposition with respect to the system, we get
σˆTS (t) =
∑
i
|ci|2|i〉〈i|Rˆ00(t) (B2)
+
∑
i>j
(
cic
∗
j |j〉〈i|Rˆ00(t)Wˆij(t) + H.c.
)
.
As before, we will use the Peres-Horodecki criterion
and the fact that a matrix has negative eigenvalues, if
and only if at least one of its principal minors is nega-
tive. Hence, the existence of a negative principal minor of
the density matrix after partial transposition (B2) means
that SEE has been generated at time t during the evolu-
tion.
Since the desired set of separability conditions (31) is
qualitatively different than in Appendix A, so will the
studied set of principal minors be. We start by choos-
ing three system states i, j, and l and symmetrically
eliminating all rows and columns from the matrix (B2)
which describe the system-environment occupations and
coherences not confined to the {|i〉, |j〉, |l〉} subspace of
the system. This yields the matrix (the explicit time
dependence is omitted further on)
Mˆijl =

 |ci|
2Rˆ00 cic
∗
jWˆjiRˆ00 cic
∗
l WˆliRˆ00
c∗i cjRˆ00Wˆ
†
ji |cj |2Rˆ00 cjc∗l WˆljRˆ00
c∗i clRˆ00Wˆ
†
li c
∗
jclRˆ00Wˆ
†
lj |cl|2Rˆ00

 .
(B3)
It is now convenient to write the matrix (B3) in terms
of eigenstates which diagonalize both Rˆ00 and Wˆji, which
we denote as |n〉. Note, that the basis which diagonalizes
Wˆli (or Wˆlj) also diagonalizes Rˆ00, but not necessarily
Wˆji. In this basis we have
Rˆ00 =
∑
n
pn|n〉〈n|, (B4a)
Wˆji =
∑
n
eiφn |n〉〈n|, (B4b)
Wˆli =
∑
nm
xnm|n〉〈m|, (B4c)
Wˆlj = WˆliWˆ
†
ji =
∑
nm
xnme
−iφm |n〉〈m|. (B4d)
In this basis the matrix Mˆijl can be written in an identi-
cal form as the partially transposed qutrit-environment
density matrix, which satisfies the qubit-like conditions
(13), given by eq. (26),
Mˆijl =

 |ci|2
∑
n pn|n〉〈n| cic∗j
∑
n pne
iφn |n〉〈n| clc∗i
∑
nm pmxnm|n〉〈m|
cjc
∗
i
∑
n pne
−iφn |n〉〈n| |cj |2
∑
n pn|n〉〈n| clc∗j
∑
nm pme
−iφmxnm|n〉〈m|
cic
∗
l
∑
nm pnx
∗
mn|n〉〈m| cjc∗l
∑
nm pne
iφnx∗mn|n〉〈m| |c2l
∑
n pn|n〉〈n|

 . (B5)
The class of principal minors for the study of qubit-
environment entanglement generation, when the condi-
tions (30) are satisfied is also the same as in Sec. (IVC).
They are determinants of 3×3 matrices obtained by sym-
metrically crossing out all but one row and column, the
diagonal elements of which are proportional to |ci|2, |cj |2,
and |cl|2, respectively. Furthermore, the two rows and
columns left over with diagonal elements proportional
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to |ci|2 and |cj|2 correspond to the k-th environmental
state (the diagonal element is proportional to pk), while
the row and column left over with a diagonal element
proportional to |cl|2 corresponds to the q-th state of the
environment (the diagonal element is proportional to pq).
The minors of interest are therefore labeled by to envi-
ronmental indices k and q, and are given by
X ijlkq = det

 |ci|2pk cic∗jpkeiφk(t) clc∗i pqxkqc∗i cjpke−iφk(t) |cj |2pk clc∗jpqe−iφq(t)xkq
c∗2clpqx
∗
kq c
∗
l cjpqe
iφq(t)x∗kq |cl|2pq

 = −2|cicjcl|2p3k|xkq |2 [1− cos (φk(t)− φq(t))] ,
(B6)
since
[
Rˆ00, Wˆli
]
= 0 implies that for xkq 6= 0, we must
have pk = pq. No minor X
ijl
kq can be positive, and
they can be equal to zero only in four situations, two
of which are trivial. The first trivial one is when at least
one of the initial qubit occupations is zero and therefore
|cicjcl|2 = 0, so that the studied system state is of lower
dimension than N and the system-environment density
matrix should be adjusted accordingly. In the second
trivial situation pk = pq = 0. Because for the studied
state the qubit like conditions (30) are satisfied, it fol-
lows that for pk = pq = 0, xkn = 0 and xqn = 0 for all
n with pn 6= 0, and |k〉 and |q〉 can be eliminated from
subspace of environmental degrees of freedom taken into
account.
Otherwise, the principal minor X ijlkq is equal to zero (is
non-negative) only, if either xkq = 0 or e
iφk(t) − eiφq(t) =
0. If all of the principal minors of this class, X ijlkq , for
fixed i, j, and l, but for every possible value of k 6= q are
non-negative, then it is equivalent to write[
Wˆji(t), Wˆli(t)
]
= 0. (B7)
Obviously X ijlkq < 0 for any k or q means that there is
qubit-environment entanglement in the state, so if the
condition (B7) is not met, there must be entanglement
in the system.
Repeating the procedure detailed above for all i 6= j 6=
l yields a set of conditions of the form of eq. (B7) for
system-environment states which already fulfill all of the
conditions (30). If for any system states i 6= j 6= l, the
condition (B7) is not satisfied (for at least one pair of
environment states k and q), then there is entanglement
between the system and the environment in the state.
Otherwise, for all i 6= j 6= l, operators Wˆji(t) and Wˆ †li(t)
commute. This is enough to show that there is no SEE,
if the system is a qutrit, since in this case Rˆ00, Wˆ01(t),
Wˆ12(t), and Wˆ20(t) have a common eigenbasis and the
system-environment density matrix (16) can be written
in a separable form. For larger systems, for there to exist
an environmental basis, which diagonalizes Rˆ00(t) and all
operators Wˆij(t), also Wˆij(t) and Wˆkl(t) must commute
for all i 6= j 6= k 6= l (in the case of the qutrit, such four
system indices do not exist). Incidentally, no new class of
minors is needed in this case, since the commutation of
two Wˆij(t) operators described by four different indices
can be derived from commutation of Wˆij(t) operators
with only three different indices. If the condition (B7) is
fulfilled for all i 6= j 6= l, we get[
Wˆij(t), Wˆkl(t)
]
= Wˆij(t)Wˆkl(t)− Wˆkl(t)Wˆij(t)
= Wˆij(t)Wˆkj(t)Wˆjl(t)− Wˆkl(t)Wˆij(t)
= Wˆkj(t)Wˆij(t)Wˆjl(t)− Wˆkl(t)Wˆij(t)
= Wˆkj(t)Wˆjl(t)Wˆij(t)− Wˆkl(t)Wˆij(t)
= Wˆkl(t)Wˆij(t)− Wˆkl(t)Wˆij(t) = 0.
Here we used the fact that the condition (B7) also means
that [
Wˆij(t), Wˆil(t)
]
= 0,[
Wˆji(t), Wˆil(t)
]
= 0,[
Wˆji(t), Wˆli(t)
]
= 0,
since Wˆji(t) = Wˆ
†
ij(t) and the operators Wˆji(t) are uni-
tary, and the fact that Wˆkl(t) = Wˆkj(t)Wˆjl(t).
Hence, if for all i 6= j 6= l, the condition (B7) is ful-
filled, then all operators Wˆij(t) commute with each other.
This means that the system-environment density matrix
may be written in a basis {|n(t)〉}, which is not only the
eigenbasis of Rˆ00(t), but also diagonalizes all of the oper-
ators Wˆij(t) (and the initial, pointer basis of the system)
in the obviously separable form
σˆ(t) =
∑
n
pn(t)ρˆn(t)⊗ |n(t)〉〈n(t)|, (B8)
where the density matrices of the system conditional on
the state of the environment are given by
ρˆn(t) =
∑
ij
cic
∗
je
iφijn (t)|i〉〈j|, (B9)
with |i〉 and |j〉 denoting the system states for which the
Hamiltonian (1) is diagonal, and the oscillating factors
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being a product of the diagonalization of the operators
Wˆij(t) =
∑
n
eiφ
ij
n (t)|n(t)〉〈n(t)|, (B10)
eiφ
ii
n (t) = 1, and eiφ
ji
n (t) = e−iφ
ij
n (t).
In a last step, let us reduce the number of relevant con-
ditions (B7), by restricting ourselves to the independent
ones, which cannot be derived from one another. This
involves choosing a fixed index i in the set of conditions
(B7), say i = 0. The set of all independent conditions is
such that for all j > l > 0,[
Wˆj0(t), Wˆl0(t)
]
= 0. (B11)
All other commutation relations,
[
Wˆij(t), Wˆkl(t)
]
= 0,
for any i, j, k, l, can be derived from (B11) using Wˆij(t) =
Wˆi0(t)Wˆ0j(t), Wˆii(t) = I, and the fact that the opera-
tors Wˆij(t) are unitary, so commutation is unaffected by
hermitian conjugation of one or both operators. Hence,
there are (N − 1)(N − 2)/2 independent commutation
relations for a system of size N , the fulfillment of which
guarantees separability of the system from its environ-
ment, if system-environment state already satisfies the
(N − 1) qubit-like conditions (30).
